Ultraviolet divergences are widely discussed in studies of entanglement entropy. Also present, but much less understood, are infrared divergences due to zero modes in the field theory. In this note, we discuss the importance of carefully handling zero modes in entanglement entropy. We give an explicit example for a chain of harmonic oscillators in 1D, where a mass regulator is necessary to avoid an infrared divergence due to a zero mode. We also comment on a surprising contribution of the zero mode to the UV-scaling of the entanglement entropy.
Introduction
Entanglement entropy has been an important topic in various fields of theoretical physics for some time, and interest continues to grow in this deep and useful concept. Especially in the quantum gravity community, many believe that the key insight that will help us connect quantum mechanics and general relativity, will come from entanglement entropy. Some works in this direction include [1] and [2] . Related to these motivations is the question of black hole entropy and whether all of it or most of it is entanglement entropy. The earliest works conjecturing that this might be the case are by R. Sorkin [3, 4] . Many others have thought about this as well (e.g. [5] ), but we do not have a final answer to this question yet.
In quantum field theory and AdS/CFT many important theorems involving entanglement entropy have been proved [6] [7] [8] such as strong subadditivity [9] . Also in condensed matter theory, important applications of entanglement entropy include investigating topological order [10] as well as properties of Fermi surfaces [11] , where quantum phase transitions are characterized by the entanglement entropy of the system.
While the ultraviolet divergences of entanglement entropy are widely discussed, infrared divergences are much less studied. A simple example of an infrared divergence in 1 + 1D occurs in a massless theory of a chain of harmonic oscillators or scalar field on an interval with periodic boundary conditions [12] [13] [14] [15] [16] . Interesting new work is also being done where IR divergences arise, such as in entanglement entropy of excited states in conformal perturbation theory [17] , entanglement in bandlimited quantum field theory [18] , and others [19] [20] [21] . It is therefore worth understanding more rigorously in simple systems.
In this work we study in detail the divergence of the entanglement entropy in a simple theory as a result of a zero mode. Zero modes, analogous to free particles, do not have normalizable ground states. Theories that possess zero modes, such as the massless scalar field on a circle (spacetime cylinder), therefore do not have welldefined ground states [22] . One may still define a ground state for such a theory by either ignoring the zero mode solution ad hoc, or else by somehow regulating it. If it is included in the theory and not regulated, it can lead to infrared divergences, for example in the entanglement entropy. We study an example of this below.
Casini and Huerta [19, 20] have found infrared divergences in the massless limit of a scalar field theory on a finite interval within an infinite line. In this work, the system we study is an interval of a chain of harmonic oscillators within a finite chain with periodic boundary conditions (i.e., a circle). It is interesting that the infrared divergence found by [19, 20] on the infinite line is a double logarithm of the mass, while we find a single logarithm divergence on the finite circle. Additionally, in the present paper we pinpoint the source of the infrared divergence as a giant eigenvalue of an operator derived from the Lagrangian. This giant eigenvalue additionally has the interesting property that it also contributes to the scaling of the entanglement entropy with the UV cutoff in our finite system. Thus this eigenvalue cannot simply be discarded, as it contributes to the UV scaling of the entanglement entropy, and must therefore be regulated appropriately.
Entropy of Oscillators
We consider a chain of harmonic oscillators, with nearest-neighbour couplings. To find the entanglement entropy associated to a subchain (a connected subset of the full chain) of this system, we follow the procedure laid out in [4] , which we now review.
The Lagrangian for our chain of oscillators is
where k is the coupling strength between the oscillators, and in terms of the spatial UV cutoff a, k = 1/a 2 [23] . We define the positive, symmetric matrix W using the potential of this Lagrangian:
where the symmetric, positive definite metric G M N and its inverse G M N given by
, is used to raise the index in (2.2). G M N is a metric on the configuration space of the coupled harmonic oscillators. Now we consider the division of our chain of harmonic oscillators into a subchain whose oscillators will be labelled with Greek indices, and the remainder of the chain whose oscillators will be labelled with Latin indices. It is convenient to rewrite W in terms of blocks referring to these two divisions:
Following the convention of [4] , the inverse of W AB will be expressed as
and the inverse of each block will be expressed with tildes (for example W ab is the inverse of W ab ). It was shown in [4] that when ρ is the density matrix for the vacuum state, the reduced density matrix ρ red associated to a subchain of oscillators (say, the Latin-indexed ones) can be expressed in terms of these blocks we have just defined, as
(2.3) Furthermore, it was shown that the entropy S = − Tr ρ red ln ρ red can be expressed in terms of the eigenvalues λ n of the operator Λ
An alternative method to compute the entanglement entropy involves a matrix C = √ XP , where X ij are the field correlators at sites i and j, and P ij are the conjugate momentum correlators at sites i and j in the region corresponding to the reduced density matrix. The entanglement entropies calculated using that method should match those found in this paper 1 . Below we compute the entanglement entropy associated to a shorter subchain within a longer chain of oscillators with periodic boundary conditions, using the formula (2.4). We will study the zero mode in this model and show that it leads to an infrared divergence. We single out the source of the divergence as a giant eigenvalue in the spectrum of Λ. We also consider the entanglement entropy associated to a subchain within a longer chain of oscillators with one fixed boundary. We show that no infrared divergences arise when setting the mass to zero in this case, since there are no zero modes.
Periodic Boundary Conditions
We consider the Lagrangian (2.1), with periodic boundary conditionsq N +1 =q 1 . If we set the mass to zero, the entropy diverges logarithmically, as we will show. If we set m to a small but finite number, the entropy is finite and obeys the expected asymptotic form for a → 0 of logarithmic scaling with the UV cutoff [6] [7] [8] 
where and L are the physical lengths (number of oscillators times the spacing a) of the subchain and total chain respectively, and c 1 is a non-universal constant whose exact form is known for a few systems (eg. [24, 25] ). In the limit that the length of the smaller subchain is much shorter than the length of the full chain ( L → 0), the entropy simplifies to
The entropy in (2.5) or (2.6) is only well-defined with respect to an overall vacuum state. In referring to this result for the massless theory on a circle, one has to be careful to address the fact that this theory does not have a well-defined ground state due to the zero mode. Before moving on to a discussion of this zero mode, we first verify that by regulating the zero mode with a small mass, the result of (2.5) can indeed be obtained. We regulate the zero mode with a small mass m 2 = 10 −6 and set k = 10 6 . Our chain of oscillators contains 500 oscillators. We hold k fixed and vary . The result is shown in Figure 1 , where the solid curve is the function S = b 1 ln(sin(π /L)) + c 1 being fit to the data. The best fit parameters are b 1 = 0.3337 and c 1 = 5.9316, in agreement with (2.5).
The contribution of the regulated zero mode to the entanglement entropy can be seen in the spectrum of Λ. It contributes a giant eigenvalue (relative to the other eigenvalues). A sample spectrum for a subchain of 10 oscillators within a chain of 500 oscillators, with k = 10 6 and m 2 = 3 × 10 −8 is {31400, 0.470, 0.0321, 2.03 × 10 −3 , 9.82 × 10 −5 , 3.49×10 −6 , 8.88×10 −8 , 1.53×10 −9 , 1.66×10 −11 , 2.91×10 −13 }. The size of the giant eigenvalue is inversely proportional to the size of the mass regulator (λ giant ∝ m −1 ). This leads to a power law divergence in the giant eigenvalue as m → 0, as illustrated in Figure 2 for the 10-subchain. The form of (2.4) then suggests that we should expect a logarithmic divergence of the entropy with the size of this mass regulator. This is indeed what we find. Figures 3 and 4 show the results for varying m in the limit m → 0, while holding all other variables and parameters fixed. We considered subchains of 50 and 10 oscillators, within a chain of 500 oscillators. Surprisingly, the size of the giant eigenvalue also has a dependence on the UV cutoff. This dependence is logarithmic: λ giant = b 3 ln(ma) + c 3 (keeping m fixed), with b 3 and c 3 being non-universal constants that are inversely proportional to the length of the entire chain L. Figure 5 shows the result for = and is fit by λ giant = b 3 ln(ma) + c 3 with b 3 = −3985 and c 3 = −36093. Figure 6 shows the scaling of b 3 and c 3 with the length of the entire chain L. We set = 5 100 √ 10
, m 2 = 10 −6 , and impose periodic boundary conditions on the chain of oscillators. We set L/ to different values, and for each of these values find b 3 and c 3 from the UV scaling. The fits correspond to
4 . Therefore, we see that indeed b 3 ∝ L −1 and c 3 ∝ L −1 , resulting in the UV dependence of the zero mode becoming sub-leading compared to the total contribution of all the other eigenvalues in the limit L → ∞. This is consistent with other works, such as [19, 20] , that do not see a significant contribution from the zero mode to the UV scaling in the limit L → ∞. 2 In the numerical code for the computations of Figures 5 and 6 , our initial value for the square of the oscillator spacing was a 2 = 1/k = 1/10 5 or a = 1/(100 √ 10), and = na (with n = 5). As stated after (2.1), a is related to the constant k by k = 1/a 2 , which is why a contains the √ 10 in its expression. For each subsequent data point we divide a 2 by y 2 and multiply n by y, where y is an integer, such that we keep fixed. , m 2 = 10 −6 , and periodic boundary conditions.
One Fixed Boundary
The chain of harmonic oscillators with Dirichlet boundary conditions at one end no longer possesses a zero mode (translation symmetry is broken), and as a result of this we do not expect there to be any infrared divergences for the massless theory. The Lagrangian for the oscillators is again (2.1), but with boundary conditionq N +1 = 0. Since a mass regulator is no longer needed, we set m = 0, and k = 10 6 as before. The expected asymptotic form for the entanglement entropy, with a → 0, is [6] [7] [8] 
Our result for the harmonic oscillators with one fixed boundary is shown in Figure  7 , and S = b 1 ln(sin(π /L)) + c 1 is fit to this data. The best fit parameters are b 1 = 0.1567 and c 1 = 0.9150, in agreement with (2.7). Also, as expected, there is no longer a giant eigenvalue in the spectrum of Λ. A sample spectrum for a subchain of 10 oscillators within a chain of 500 oscillators, with k = 10 6 and m = 0 is {0. We have just established that there is no infrared divergence for the chain with one fixed boundary, but we will nevertheless examine more closely the small mass limit of this case. 
Conclusions
We have demonstrated through our specific example, the importance of correctly regulating a theory containing zero modes in order to get physically meaningful scalings for entanglement entropy. We saw that the unregulated theory has an IR divergence in the entanglement entropy, and thus obscures all interesting UV physics. Finally, we demonstrated the resolution of this problem by introducing a mass regulator to the theory, revealing the interesting behaviour of the entropy. We also found that the zero mode has a dependence on the UV cutoff which makes a significant contribution to the entanglement entropy for finite L and becomes sub-leading in the limit L → ∞.
Another example of an IR regulation of the zero mode is described in [26] . There, the regulation is done by placing a massless scalar field in a causal diamond instead of infinite Minkowski space.
